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Structure-Preserving Discretisation

geometric structure: global property, can be defined independently of
particular coordinate representations of the differential equations 1

e.g., topology, conservation laws, symmetries, constraints, identities
preservation of geometric properties is advantageous for stability and
crucial for long time simulations
bounds global error growth and reduces numerical artefacts
various families

Lie group integrators, Runge-Kutta-Munthe-Kaas, moving frames,
discrete Euler-Poincaré methods
integral preserving schemes, discrete gradients, discrete variational
derivative method
discrete differential forms and mimetic methods
symplectic and multisymplectic methods, variational integrators

1Christiansen, Munthe-Kaas, Owren: Topics in Structure-Preserving Discretization, Acta Numerica 2011



The Mathematical Pendulum
Hamiltonian system with one degree of freedom (mass m = 1, massless
rod of length l = 1, gravitational acceleration g = 1)
Hamiltonian and equations of motion

H(q, p) = 1
2p2 − cos q, q̇ =

∂H
∂p = p, ṗ = −∂H

∂q = − sin q

solutions follow contour lines of the Hamiltonian (phase diagram)
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The Mathematical Pendulum (Explicit Euler)

qk+1 = qk + h Hp(qk, pk), pk+1 = pk − h Hq(qk, pk)



The Mathematical Pendulum (Implicit Euler)

qk+1 = qk + h Hp(qk+1, pk+1), pk+1 = pk − h Hq(qk+1, pk+1)



The Mathematical Pendulum (Symplectic Euler)

qk+1 = qk + h Hp(qk+1, pk), pk+1 = pk − h Hq(qk+1, pk)



Variational Integrators
systematic way to derive structure-preserving discretisation schemes for
Lagrangian dynamical systems
preserved structures

discrete symplectic structure� good long-time energy behaviour (bounded error)
discrete momenta related to symmetries of the discrete Lagrangian� discrete Noether theorem provides discrete symmetry condition and
discrete form of conservation laws
crucial for obtaining correct results in long time simulations

idea
discretisation of the Lagrangian and Hamilton’s principle of
stationary action
application of the discrete action principle to the discrete Lagrangian
to obtain discrete Euler-Lagrange equations directly

allow for straight-forward derivation of integrators for coupled systems
(e.g., coupling of particles and fields for particle-in-cell schemes)



Hamilton’s Principle of Stationary Action

action: functional of a trajectory q(t)

A[q(t)] =
T∫
0

L
(
q(t), q̇(t)

)
dt

Hamilton’s principle of stationary action: among all possible trajectories
q(t), only the physical trajectory makes the action integral A stationary
variation and integration by parts (endpoints fixed: δq(0) = δq(T) = 0)

δA =

T∫
0

[
∂L
∂q · δq + ∂L

∂q̇ · δq̇
]

dt =
T∫
0

[
∂L
∂q − d

dt

(
∂L
∂q̇

)]
· δq dt

requiring stationarity of the action, δA = 0 for arbitrary variations δq,
leads to the Euler-Lagrange equations of motion

∂L
∂q (q, q̇)−

d
dt

(
∂L
∂q̇ (q, q̇)

)
= 0

q0 qT

q(t) varied curves



Discrete Lagrangian and Discrete Action
divide the interval [0,T] into an equidistant, monotonic sequence {tk}N

k=0, s.th.

A[q(t)] =
∑N−1

k=0

∫ tk+1

tk

L(q, q̇) dt

exact discrete Lagrangian: defined w.r.t. two points on a curve qd = {qk}N
k=0

Le
d(qk, qk+1) =

∫ tk+1

tk

L(q, q̇) dt

approximate velocities q̇ with finite differences (timestep h)

q̇ → qk+1 − qk
h

approximate discrete Lagrangian with discrete quadrature formula (midpoint)

Ld(qk, qk+1) ≈ h L
(

qk + qk+1

2
,

qk+1 − qk
h

)
discrete action

Ad[qd] =
∑N−1

k=0
Ld(qk, qk+1) q0 qN

{qk} varied discrete curves



Discrete Variational Principle

q0

q1

qN−1

qN

qk−1 qk
qk+1

requiring stationarity of the discrete action,

δAd = δ

N−1∑
k=0

Ld(qk, qk+1) = 0 for all δqk

leads to the discrete Euler-Lagrange equations

D2Ld(qk−1, qk) + D1Ld(qk, qk+1) = 0 for all k

in general: fully nonlinear algebraic equations (in many cases implicit)
often recovering schemes well-known for their conservative properties
(e.g., Störmer–Verlet, Newmark, symplectic Runge-Kutta)



ASDEX Upgrade (Tokamak, Garching)

Parameters
plasma radius 1.6m
plasma height 0.8m
plasma width 0.5m

plasma volume 14m3

magnetic field 3.9T
pulse length ≤ 10 s



Wendelstein 7-X (Stellarator, Greifswald)

Parameters
major radius 5.5m
minor radius 0.53m

plasma volume 30m3

magnetic field 3T
pulse length 30min



Particle Motion in Strong Magnetic Fields

plasma current toroidal �eld coils

plasma/
�ux surface

OH-transformer

vertical �eld coil

magnetic �eld line



Guiding Centre Dynamics

charged particle phasespace Lagrangian

L(x, ẋ, v, v̇) = (A(x) + v) · ẋ − 1
2v2

coordinate transformation

(xi, vi) → (Xi, θ, u, µ)

with ρ = b × v⊥/ |B| and

u = b · Ẋ, v⊥ = v − ub, µ = v2⊥/2 |B| , B = ∇× A, b = B/ |B|

so that the Lagrangian becomes

L(q, q̇) =
(
A(X + ρ) + ub(X + ρ)

)
·
(
Ẋ + ρ̇

)
+ µθ̇ − 1

2u2 − µB(X + ρ)

strong magnetic fields: neglect finite gyroradius effects
guiding centre Lagrangian (q = (Xi, u) and µ a parameter)

L(q, q̇) = (A(X) + ub(X)) · Ẋ − 1
2u2 − µB(X)



Variational Guiding Centre Integrators
guiding centre Lagrangian

L(q, q̇) = (A(X) + ub(X)) · Ẋ − 1
2u2 − µB(X), q = (Xi, u)

is degenerate (linear in velocities), that is

∂2L
∂q̇i ∂q̇j = 0

and therefore leads to first order ordinary differential equations
straight-forward application of the discrete action principle leads to
multi-step variational integrators

ΨLd : (qk−1, qk) 7→ (qk, qk+1)

given by

D2Ld(qk−1, qk) + D1Ld(qk, qk+1) = 0� to compute qk+1 we need data qk and qk−1 from tk and tk−1� we need two sets of initial data even though we have first order ODEs



Variational Guiding Centre Integrators

use discrete Legendre transform to obtain position-momentum form

pk = −D1Ld(qk, qk+1),

pk+1 = D2Ld(qk, qk+1)

which can be solved for qk+1 as the discrete Lagrangian is not
degenerate and provides an update rule of the form

Ψ̃Ld : (qk, pk) 7→ (qk+1, pk+1)

use continuous Legendre transform to obtain the second initial condition

p0 =
∂L
∂q̇ (q0) = α(q0), α = A + ub

provides an exact initialisation mechanism
increases the size of the system by a factor of two



Passing Particle, h = τb
50 , nb = 10.000

Explicit Runge-Kutta-4 Variational Integrator



Passing Particle, h = τb
50 , nb = 25.000

Explicit Runge-Kutta-4 Variational Integrator

VI does not preserve the constraint pk = α(qk) but pk+1/2 = α(qk+1/2)



Constrained Dynamical Systems

consider an extended dynamical system (q, p) whose dynamics is
constrained to a subspace defined by ϕ(q, p) = p − α(q) = 0

constitutes an index 2 differential algebraic system of equations

q̇ = Hp(q) + ϕT
p (q, p)λ,

ṗ = −Hq(q)− ϕT
q (q, p)λ,

0 = ϕ(q, p)

for degenerate Lagrangians of the form

L(q, v) = α(q) · v − H(q)

this system of DAEs is obtained from a Hamilton-Pontryagin action

A =

∫ [
L(q, v) + p

(
q̇ − v

)
+ ϕT(q, p)λ

]
dt

canonicalisation: embedding of noncanonical Lagrangian or Hamiltonian
systems into canonical Hamiltonian systems of twice the size



Constrained Dynamical Systems
variational integrators will in general not satisfy the constraint

ϕ(q, p) = p − α(q)
holonomic constraints ϕ(q) = 0

variational integrators for augmented Lagrangian
L̄(q, q̇, λ) = L(q, q̇)− ϕT(q)λ

projection of unconstrained integrators to constraint submanifold
non-holonomic constraints ϕ(q, q̇) = 0

discrete Lagrange-d’Alembert principle
∂L
∂q (q, q̇)−

d
dt

(
∂L
∂q̇ (q, q̇)

)
= ϕT

q̇ (q, q̇)λ, 0 = ϕ(q, q̇)

Dirac constraints ϕ(q, p) = 0 (primary constraint)
discrete version of Hamilton-Pontryagin action principle

A =

∫ [
L(q, v) + p

(
q̇ − v

)
+ ϕT(q, p)λ

]
dt

symplectic projection of unconstrained integrators



Variational Projection

add the constraint via a Lagrange multiplier to the Hamilton-Pontryagin
action (holonomic constraint on phasespace)

A =

∫ [
L(q, v) + p

(
q̇ − v

)
+ ϕT(q, p)λ

]
dt

leads to variational Runge-Kutta integrators for augmented Hamiltonian

q̃k+1 = Ψ(q)(qk, pk), qk+1 = q̃k+1 + ϕp(qk+1, p̃k+1)λk+1,

p̃k+1 = Ψ(p)(qk, pk), pk+1 = p̃k+1 − ϕq(qk+1, p̃k+1)λk+1,

0 = ϕ(qk+1, p̃k+1)

constraint is not enforced on final (qk+1, pk+1) but on (qk+1, p̃k+1)

project q̃k+1 to qk+1 with λk+1 such that ϕ(qk+1, p̃k+1) = 0

project p̃k+1 to pk+1 with the previously determined λk+1, thereby
moving (qk+1, pk+1) out of the constraint submanifold



Orthogonal Projection

162 V. Symmetric Integration and Reversibility

overall algorithm symmetric, one has to apply a kind of “inverse projection” at the
beginning of each integration step. This idea has first been used by Ascher & Reich
(1999) to enforce conservation of energy, and it has been applied in more general
contexts by Hairer (2000).

Algorithm 4.1 (Symmetric Projection Method). Assume that yn ∈ M. One step
yn "→ yn+1 is defined as follows (see Fig. 4.1, right picture):

• !yn = yn + G(yn)T µ where g(yn) = 0 (perturbation step);
• !yn+1 = Φh(!yn) (symmetric one-step method applied to ẏ = f(y));
• yn+1 = !yn+1 + G(yn+1)T µ with µ such that g(yn+1) = 0 (projection step).

Here, G(y) = g′(y) denotes the Jacobian of g(y). It is important to take a
symmetric method in the second step, and the same vector µ in the perturbation and
projection steps.

M

y0

y1 y2

y3

M

y0
y3

Fig. 4.1. Standard projection (left picture) compared to symmetric projection (right)

Existence of the Numerical Solution. The vector µ and the numerical approxima-
tion yn+1 are implicitly defined by

F (h, yn+1, µ) =
"

yn+1 − Φh

#
yn + G(yn)T µ

$
− G(yn+1)T µ

g(yn+1)

%
= 0. (4.2)

Since F (0, yn, 0) = 0 and since

∂F

∂(yn+1, µ)
#
0, yn, 0) =

"
I −2G(yn)T

G(yn) 0

%
(4.3)

is invertible (provided that G(yn) has full rank), an application of the implicit func-
tion theorem proves the existence of the numerical solution for sufficiently small
step size h. The simple structure of the matrix (4.3) can also be exploited for an
efficient solution of the nonlinear system (4.2) using simplified Newton iterations.
If the basic method Φh is itself implicit, the nonlinear system (4.2) should be solved
in tandem with !yn+1 = Φh(!yn).

Order. For a study of the local error we let yn := y(tn) be a value on the exact
solution y(t) of (4.1). If the basic method Φh is of order p, i.e., if y(tn + h) −
Φh

#
y(tn)

$
= O(hp+1), we have F

#
h, y(tn+1), 0

$
= O(hp+1). Compared to (4.2)

the implicit function theorem yields

orthogonal projection
ỹk+1 = Ψ(yk) apply arbitrary one-step method
yk+1 = ỹk+1 +∇ϕT(yk+1)λk+1 project on constraint submanifold

0 = ϕ(yk+1) constraint
orthogonal symplectic projection of primary constraint

q̃k+1 = Ψ(q)(qk, pk), p̃k+1 = Ψ(p)(qk, pk),

qk+1 = q̃k+1 + ϕT
p (qk+1, p̃k+1)λk+1, pk+1 = p̃k+1 − ϕT

q (qk+1, p̃k+1)λk+1,

0 = ϕ(qk+1, pk+1)

◦ preserves energy ◦ symplectic − not symmetric



Passing and Trapped Particle, h = τb
50 , nb = 25.000

Variational Runge-Kutta 2 Orthogonal Projection



Symmetric Projection

162 V. Symmetric Integration and Reversibility

overall algorithm symmetric, one has to apply a kind of “inverse projection” at the
beginning of each integration step. This idea has first been used by Ascher & Reich
(1999) to enforce conservation of energy, and it has been applied in more general
contexts by Hairer (2000).

Algorithm 4.1 (Symmetric Projection Method). Assume that yn ∈ M. One step
yn "→ yn+1 is defined as follows (see Fig. 4.1, right picture):

• !yn = yn + G(yn)T µ where g(yn) = 0 (perturbation step);
• !yn+1 = Φh(!yn) (symmetric one-step method applied to ẏ = f(y));
• yn+1 = !yn+1 + G(yn+1)T µ with µ such that g(yn+1) = 0 (projection step).

Here, G(y) = g′(y) denotes the Jacobian of g(y). It is important to take a
symmetric method in the second step, and the same vector µ in the perturbation and
projection steps.
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Existence of the Numerical Solution. The vector µ and the numerical approxima-
tion yn+1 are implicitly defined by

F (h, yn+1, µ) =
"

yn+1 − Φh

#
yn + G(yn)T µ

$
− G(yn+1)T µ

g(yn+1)

%
= 0. (4.2)

Since F (0, yn, 0) = 0 and since

∂F

∂(yn+1, µ)
#
0, yn, 0) =

"
I −2G(yn)T

G(yn) 0

%
(4.3)

is invertible (provided that G(yn) has full rank), an application of the implicit func-
tion theorem proves the existence of the numerical solution for sufficiently small
step size h. The simple structure of the matrix (4.3) can also be exploited for an
efficient solution of the nonlinear system (4.2) using simplified Newton iterations.
If the basic method Φh is itself implicit, the nonlinear system (4.2) should be solved
in tandem with !yn+1 = Φh(!yn).

Order. For a study of the local error we let yn := y(tn) be a value on the exact
solution y(t) of (4.1). If the basic method Φh is of order p, i.e., if y(tn + h) −
Φh

#
y(tn)

$
= O(hp+1), we have F

#
h, y(tn+1), 0

$
= O(hp+1). Compared to (4.2)

the implicit function theorem yields

symmetric projection
ỹk = yk +∇ϕT(yk)λk+1 perturb
ỹk+1 = Ψ(ỹk) apply arbitrary one-step method
yk+1 = ỹk+1 +∇ϕT(yk+1)λk+1 project on constraint submanifold

0 = ϕ(yk+1) constraint
symmetric symplectic projection of primary constraint

q̃k = qk + ϕT
p (qk, p̃k)λk+1, p̃k = pk − ϕT

q (qk, p̃k)λk+1,

q̃k+1 = Ψ(q)(q̃k, p̃k), p̃k+1 = Ψ(p)(q̃k, p̃k),

qk+1 = q̃k+1 + ϕT
p (qk+1, p̃k+1)λk+1, pk+1 = p̃k+1 − ϕT

q (qk+1, p̃k+1)λk+1,

0 = ϕ(qk+1, pk+1)

+ preserves energy + symplectic + symmetric



Passing and Trapped Particle, h = τb
50 , nb = 25.000

Explicit RK4 VRK2 (1 stage) Orthogonal
Projection

Symmetric
Projection



Passing and Trapped Particle, h = τb
50 , nb = 25.000

Explicit RK4 VRK4 (2 stage) Orthogonal
Projection

Symmetric
Projection



Summary and Outlook

variational integrators
obtain discrete equations of motion from a discrete Lagrangian / action principle
exact preservation of discrete symplectic structure and discrete momenta
good long-time energy behaviour, no numerical dissipation

variational integrators for degenerate Lagrangians
intrinsic: multi-step methods
extrinsic: violate constraint submanifold

embed degenerate Lagrangian systems into larger canonical Hamiltonian
systems and use constraints to restrict the dynamics to the original space

projection of variational integrators for the unconstrained extended system
derivation of Lagrange-d’Alembert integrators for the constrained extended system

next steps
combine with field Lagrangian to obtain fully variational particle-in-cell schemes for
guiding centre dynamics and gyrokinetics
add collision and dissipation effects to the Lagrangian via appropriate stochastic
processes and derive stochastic variational or Lagrange-d’Alembert integrators



Constrained Canonical Hamiltonian Systems

Hamilton’s equations for a system with Dirac constraints

q̇ = Hp(q, p) + ϕT
p (q, p)λ,

ṗ = −Hq(q, p)− ϕT
q (q, p)λ,

0 = ϕ(q, p)

constitutes an index 2 differential algebraic system of equations
by differentiation of the third equation, we obtain the secondary or
hidden constraint

0 = ϕq(q, p) q̇ + ϕp(q, p) ṗ

the secondary constraint is usually not automatically fulfilled even if the
integrator satisfies the primary constraint



Continuous Lagrange-d’Alembert Principle
consider nonholonomic constraints linear in the velocity

ϕ(q, q̇) = ωa(q) q̇a = 0

the equations of motion are determined by the Lagrange-d’Alembert
principle

δ

T∫
0

L
(
q(t), q̇(t)

)
dt = 0

where the variations δq(t) of the trajectory q(t) are required to satisfy
the constraints for t ∈ [0,T] and vanish at the endpoints
in addition the trajectory q(t) itself is required to satisfy the constraints
Lagrange-d’Alembert equations of motion

∂L
∂q (q, q̇)−

d
dt

(
∂L
∂q̇ (q, q̇)

)
= ωa(q)λa, ωa(q) q̇a = 0



Gauss-Legendre Lagrange-d’Alembert Integrator
Pk,i =

∂L
∂q̇ (Qk,i, Q̇k,i),

Ṗk,i =
∂L
∂q (Qk,i, Q̇k,i),

Qk,i = qk + h
s∑

j=1

aij
[
Q̇k,j + ϕT

p (Qk,j,Pk,j)λk,j
]
,

Pk,i = pk + h
s∑

i=1

aij
[
Ṗk,j − ϕT

q (Qk,j,Pk,j)λk,j
]
,

0 = Q̇k,i · ϕq(Qk,i,Pk,i) + Ṗk,i · ϕp(Qk,i,Pk,i),

qk+1 = qk + h
s∑

i=1

bi
[
Q̇k,i + ϕT

p (Qk,i,Pk,i)λk,i
]
,

pk+1 = pk + h
s∑

i=1

bi
[
Ṗk,i − ϕT

q (Qk,i,Pk,i)λk,i
]
,

0 = ϕ(qk+1, pk+1).



Passing and Trapped Particle, h = τb
50 , nb = 100.000

VRK2 w/symmetric
projection (1 stage)

VRK4 w/symmetric
projection (2 stage)

LDA2 (1 stage) LDA4 (2 stage)
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