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Summary and Outlook

Continuous Variational Principle (Classical Mechanics)
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Hamilton’s principle of stationary action: the physical trajectory q(t)
makes the action integral A stationary
variation and integration by parts (endpoints fixed: δq(0) = δq(T) = 0)
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requiring stationarity of the action, δA = 0 for arbitrary variations δq,
leads to the Euler-Lagrange equations
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Discrete Lagrangian and Discrete Action
exact discrete Lagrangian: defined w.r.t. two points on a curve qd = {qk }N
k=0
∫ tk+1
Led (qk , qk+1 ) =
L(q, q̇) dt
tk

approximate velocities q̇ with finite differences (timestep h)
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h
approximate discrete Lagrangian with discrete quadrature formula
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discrete action
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Discrete Variational Principle
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requiring stationarity of the discrete action,
δAd = δ

N−1
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for all δqk ,

k=0

leads to the discrete Euler-Lagrange equations
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preserve discrete symplectic structure (good long-time energy
behaviour)
preserve discrete momenta related to symmetries of the discrete
Lagrangian by a discrete Noether theorem

Guiding Centre Dynamics
Littlejohn’s guiding centre Lagrangian reduced to poloidal plane
L(q, q̇) = A∗R (R, Z) Ṙ + A∗Z (R, Z) Ż
1
− u2 (R, Z) − µB(R, Z)
2
with
A∗ = A + ub,
u = b · ẋ,

A = ∇ × B,
µ = v2⊥ /2 |B| ,

b = B/ |B|

 leads to first order ordinary differential equations
straight-forward application of the discrete action principle to
phasespace Lagrangians leads to multi-step variational integrators
]
∂ [
Ld (qk−1 , qk ) + Ld (qk , qk+1 ) = 0,
q = (R, Z)
∂qk

 to compute qk+1 we need data qk and qk−1 from tk and tk−1

Passing Particle, h = τb /50, nb = 10.000

midpoint Lagrangian

trapezoidal Lagrangian

explicit Runge-Kutta-4

Passing Particle, h = τb /50, nb = 1, trapezoidal

 decoupling of odd and even time steps

Passing Particle, h = τb /50, nb = 25.000

midpoint Lagrangian

trapezoidal Lagrangian

explicit Runge-Kutta-4

midpoint: does not conserve the constraint p = ∂L/∂ q̇ = A∗
trapezoidal: decoupling of odd and even time steps

Variational Partitioned Runge-Kutta Methods (VPRK)
partitioned Runge-Kutta methods for L(q, q̇) with s stages labelled by i
Pk,i
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 are symplectic if
āij = bj − bj aji /bi

and

b̄i = bi

symplectic partitioned Runge-Kutta (one-step multi-stage) methods can
be derived from a discrete constrained action principle
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VRK for Velocity-Phasespace Lagrangians
rewrite the Lagrangian L = vẋ − H(x, v) as
)
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with antisymmetric Λ

q = (x, v)

the conjugate momenta become
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p = ∂L
∂ q̇ = − 2 Λq = 2 v, − 2 x
 the momenta are linear functions of the phasespace coordinates q
discrete constrained action principle
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VRK for Velocity-Phasespace Lagrangians
discrete constrained action principle
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computing the variation leads to
1
Pak,i = Λab Qbk,i ,
2
1
pak+1 = Λab qbk+1 ,
2

Ṗak = 12 Λab Q̇bk ,
Λab Q̇bk,i = ∇a H(Qk,i )

for āij = aij and linear maps between q and p we obtain symplectic
(non-partitioned) Runge-Kutta integrators

VRK for Noncanonical Phasespace Lagrangians
from the reduced guiding centre Lagrangian compute
p=

∂L
(q, q̇) = A∗ (q)
∂ q̇

q = (R, Z)

 the momenta are nonlinear functions of the phasespace coordinates
 the algebraic constraints
pk+1 = A∗ (qk+1 ),
are not preserved by the variational integrator
consider a quadrature rule for which the last internal stage corresponds
to the next timestep (e.g., Lobatto, Radau)
explicitly enforcing the algebraic constraints at tk+1 leads to correction
terms in the equations for Pak,i , pak+1 and qak+1

 stay O(10−19 )..O(10−17 ) if zero initially
almost equivalent to symplectic non-partitioned Runge-Kutta methods

Passing Particle, h = τb /20, nb = 10.000

unconstrained VRK2

explicitly constrained VRK2

implicitly constrained SRK2

Nonvariational PDEs and Formal Lagrangians
prerequisite for the derivation of variational integrators: existence of a
Lagrangian formulation for the considered dynamical system
nonvariational PDEs: treat system as part of a Lagrangian system with
twice the number of variables
 formal action of a system of differential equations F[u] = 0
∫
A[u, v] = ⟨F[u], v⟩ = L dt dx with Lagrangian L = v · F[u]
variational principle: original and adjoint equation
δA
δA
= F[u] = 0,
= F∗ [u, v] = 0
δv
δu
symmetries of original equation are transferred to adjoint equation
 application of Noether’s theorem to the formal Lagrangian results in
conservation laws of the extended system
div J(u, v) = 0
(
)
 fixing compatible solutions of adjoint fields by a map Φ : u 7→ u, ϕ(u)
allows us to recover conservation laws of the original system
div J(u, ϕ(u)) = 0

Time Integration and Formal Lagrangians
extended variational integrators for hyperbolic equations (e.g., kinetic,
fluid, magnetohydrodynamic) have similar problems as phasespace VIs
example: advection equation with constant velocity c
(
)
ut + cux = 0
with
L = v ut + cux

 midpoint discretisation leads to multi-step schemes
(e.g., centred finite differences in time)
rewrite formal Lagrangian with operator A(φ) and φ = (u, v) as
1
L = − Λab φa φ̇b + A(φ)
2

 similar structure as (canonical) velocity-phasespace Lagrangian
 use same ideas for semi-discretisation in time
 variational one-step multi-stage time integrators (e.g., SRK)

Variational Integrators and Stability
extended variational integrators (EVIs)
application of variational integrators to formal Lagrangians significantly
extends applicability of variational integrators
general framework for analysis of discrete conservation laws
but: no guidelines for how to obtain a stable discretisation

combination with discrete differential forms
spline exterior calculus (SEC), finite element exterior calculus (FEEC)
help to preserve topology, constraints, and identities
a priori assessment of stability by construction of discrete complexes
 use results from deRham Cohomology and Hodge theory on well-posedness of continuous problems to guarantee stability on the discrete level
 discrete variational bicomplex based on SEC or FEEC and EVIs should lead
to general framework for discrete conservation laws and stability

Summary of Previous and Future Work
variational integrators for particles and fields
obtain discrete equations of motion from a discrete Lagrangian / action principle
exact preservation of discrete multisymplectic structure and discrete momenta
good long-time energy behaviour, no numerical dissipation
discrete Noether theorem relates variational symmetries of the discrete Lagrangian to
discrete conservation laws

Lagrangian embedding of dynamical systems
embed any dynamical system into Lagrangian system by doubling the number of variables
derivation of variational integrators and discrete conservation laws for arbitrary systems

variational integrators for the Vlasov-Poisson system
nonlinearly implicit schemes (2nd and 4th order), plus linearised versions
exact conservation of total particle number, momentum, energy and L2 norm
no dissipation: oscillatory when filaments of the order of the grid size develop
velocity space collision term dissipates L2 norm and damps subgrid modes

variational integrators for ideal and reduced magnetohydrodynamics
nonlinearly implicit scheme on staggered grid
exact conservation of energy, helicity, cross helicity and divergence of B
preservation of field line topology (no articifical reconnection)

current and future developments
one-step multi-stage integrators for phasespace Lagrangians and time integration of PDEs
general framework for discrete conservation laws and stability: combine extended
variational integrators and discrete differential forms
spacetime adaptivity: asynchronous variational integrators and adaptive mesh refinement
natural action principles: incorporate constraints into Euler-Poincaré formulation
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Spacetime-Adaptive Varitational Integrators
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Crane: Toward Spacetime Adaptive Variational Integrators (2009)
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