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Abstract

In this paper we write variational integrators for degenerate Lagrangian systems
as general linear methods which turn out to be G-symplectic in nature. Since
variational integrators for degenerate Lagrangian systems suffer from parasitic in-
stabilities, we use the G-symplectic general linear method formulation to calculate
their parasitic growth parameters, thus enabling us to devise strategies to control
numerical instabilities while preserving the underling physical laws of the system.
Variational integrators based on trapezoidal and mid-point quadrature rules are
considered for degenerate Lagrangian systems resulting in two different classes
of general linear methods. We then apply the standard projection technique to
project the numerical solution on whatever manifold the exact solution lies on,
resulting in energy preservation for long time. The numerical results verify our
claims.

Keywords: Variational integrator, degenerate Lagrangian, general linear method,
parasitism, projection technique

1. Introduction

Variational integrators for non-degenerate Lagrangian systems result in symplec-
tic one-step methods [15]. In the following we show that variational integrators
for degenerate Lagrangian systems result in G-symplectic general linear methods.
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Let us consider a degenerate Lagrangian system whose Lagrangian is linear in
velocities and has the form,

0%L
L(q,q) = {(a(q),q) —H(q), ERER =0, L:TQ—R, (1)

where o can be a nonlinear function of position ¢(r) € Q, and H(q) is the Hamil-
tonian of the system. Hamilton’s principle of least action can be applied on
which leads to the Euler-Lagrange equations given as,

oL, . dJdL

a—q(q,@—aa—q(%q')zo- (2)

In the variational integrator methodology, first the action integral of the degen-
erate Lagrangian system (I)) is discretised. Then the application of the discrete
Hamilton’s principle of stationary action results in the discrete Euler Lagrange
equations, which produce the required variational integrators for degenerate La-
grangian systems. These integrators are multistep numerical methods having par-
asitic instabilities.

The nature of the particular multistep method depends upon the choice of quadra-
ture rule to approximate the action integral. If we choose trapezoidal rule, we ob-
tain standard linear multistep method, whereas the choice of midpoint rule results
in a two step Runge—Kutta method, both of which can be written as G-symplectic
general linear methods [12, [13, [14, [15, [16]. We then apply the projection tech-
nique [, 9, [10] to control the effects of parasitism [4, |6]. This approach has the
advantage that the resulting methods are applicable to all degenerate Lagrangians
of the form ().

2. Variational Integrators for Degenerate Lagrangian Systems

Let us consider the action integral which is given as,

Alg(e)) = [ L(g(o).g(e))dr. G

and discretise it to obtain

N—1
Adlad) = Y, La(qm,qm+1),

m=0



with the discrete Lagrangian L; providing some approximation of the continuous
Lagrangian L,

Im+1

Lilamani)~ [ Lig(t),(0)dr @

tm
where L; : Q x QO — R. Here, we divide the time interval into an equidistant
monotonic sequence {tm}lmvzo and approximate the solution at each point in time
as gm ~ q(tn) leading to the discrete trajectory {gm, }_, joined by a discrete curve
and then sum the discrete Lagrangian L;(gm,qm+1) on each adjacent pair. The
velocities are approximated using finite differences as,

. 9m+1 —qm

q~= h )

where h = t,,41 — t,, Vm is the time step size. We approximate the the integral
in using quadrature rules such as the trapezoidal rule to obtain the discrete
Lagrangian L given as,

h Gm+1—4 dm+1—4
Lizr((]m,CIerl) = E[L((Imy %) +L(gm+1, %)]7 (5)
or the midpoint rule to obtain to obtain the discrete Lagrangian L;"p given as,
T dmt1 1—
Ly () = hL(F L S ©)

The discrete trajectories {qm}zzo satisfy a discrete version of Hamilton’s princi-
ple of stationary action which require 8A4[g,] = 0. The variation is given as,
N—1
8A4lqal =8 Y. La(qm>qm+1),

m=0

N—-1
= Z [D1La(qm: Gm+1) - 6Gm ~+ DaLa(qm; Gm+1) - 6Gm+1],
m=0

Here an integration by parts is used, and D and D; are the derivatives with respect
to the first and the second arguments respectively. Applying integration by parts
and using that the variations at the endpoints are fixed so dgyg = dgy = 0, we
obtain,

N—1

8Aalga) = Y [D1La(Gm: Gm+1)-8Gm~+D2La(Gm-1,Gm)]-8m-

m=1
By invoking the Hamilton’s principle of stationary action which requires 0A; = 0
for all 6¢g,, we obtain discrete Euler-Lagrange equations,

DlLd(QmanJrl) +D2Ld(melan) =0. (7)
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2.1. Trapezoidal Rule

For the special case of degenerate Lagrangian system (1)), we have for trapezoidal
rule,

, h Gm+1—4q Gm+1—4
Lii (Qerm—H) = i[a(Qm) : % _H(Qm> + a(Qm—H) : % _H(Qm—i-l)],
with the differentiation operators given as,
h Gl —Gm  (Gm)  O(Gm+1
DAL (g 1) = 2 [Valgy) - D1 = Oln) _ 0lni1) _gpyq )y
2 h h h
- h —qm-1 O o (Gm—
DaL (- 1,m) = 2V ar(gy). T2ty An) Slint) gy

The discrete Euler-Lagrange equation (7)) results in the following variational inte-
grator using the trapezoidal rule,

Va(gm)-(Gms1 —qm-1) = A(@ms1) — 0(Gm—1) +2hVH (qm). (®)

2.2. Midpoint Rule
The use of midpoint quadrature rule results in,

gm + qm+1 ).Qerl —4m _H<Qm+Qm+l)]7

with the differentiation operators given as,

1 dm+tqme1\ Gme1—dm 1 Gm~+qm+1 1 dm + gm+1
D"l 1) =h[=Va . (Il gy dm T milyy
m o Gm-1+4qm, gmn—qm-1 | 1 gm-1+qm, 1 gm—-1+qm
DL —1,9m) = h|=V . -o(———)—-VH(———)]|.

The discrete Euler-Lagrange equation (7)) results in the following variational inte-
grator using the midpoint rule,

1 m+tqme1 9m+1 —qm 1 m-119m. qm — qm—1

—Va . —Va . =

2 ( 2 ) h +2 ( 2 ) h

L Gm~+Ggm qm—1+qm 1 gm+ qmi1 qm—1+qm

—fog( ATy (Y - S [VH (Y L v (T
Ho(Tntely — g (v (Tl v (At )

€))



3. General Linear Methods

General linear methods are multi-value multi-derivative numerical methods for
solving initial value problems [3, [11],

Yy =f), ¥(0) = yo, (10)

where f: RY — RN and x € R. They have internal stages like Runge—Kutta meth-
ods and several input values like multi-step methods but they are more general in
nature. An s-stage general linear method with r-component input vector has the
general form,

Y = h(ARD)fY)+ Uy, Y € (RV)* (11)
W= h(BRNf(Y)+ (VD e RNy

The vector form of these quantities are,

" )’I{m}
Y — Y:Z 9 y[M] - yz.
Y's yr.[m}

The matrices (A,U, B, V) represents a particular general linear method where

AU
o f3f

isa (s+r) X (s+r) matrix tableau. We can omit the Kronecker products to write
the general linear methods as,

Y = hAF(Y) + Uy 1,
Y = B (Y + vyl

A more convenient way of writing a general linear method is,

o] = [ ] w




3.1. Runge-Kutta Methods as General Linear Methods

A Runge—Kutta method [A, b, c| has s-stages and a single input with r = 1 so that
the matrices U = 1 € (RV)*, V = 1 and B is a single row vector [b]. Th general
linear formulation of a Runge—Kutta method is,

el = [ e

3.2. Linear Multistep Methods as General Linear Methods
A linear multistep method such as an Adams-Moulton method given as,

Ym = Ym—1 +h(Bof (ym) + BiLf Ym—1) + Bof (ym—2) + -+ Bef Ym—k))

written in general linear method formulation has s = 1 and is given as,

Y| Bo|l Bi B - B Bk hf(1h)
Ym Bo|l B1 B2 - Bior Bk Ym—1
hf(Y1) 1o 06 0 -~ 0 O hf(Ym—1)
hfym-1) | =] 0|0 1T 0O -~ 0O O hf(ym—2) | (14)
hf(Ym—2) ofo 0o 1 - 0 0 hf(Ym-3)
| 2fmks1) | L OO O O - 10 || AfOmt) |

3.3. Two-Step Runge—Kutta Methods as General Linear Methods
The general form of a two step Runge—Kutta method with s stages is,

" = (1= a)ym+ ymoy + 0 Y [a f ") 4w ()", =1,
j=1

N
St = (1= )y + Oyt +h Y by f (V™) vy (7). (15)
j=1
Introducing a new variable z,, defined as,

N
= Oym1+ym+h Y, vif (. (16)
j=1

This allows us to rewrite the equation for the internal stages in (13)) as,

m 1 Sl
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and update rule (13) as,

Vi1 = zm— Oym+h Y b (Y1), (18)
j=1

Inserting (I8)) into (16) we obtain,
S
Gt =2+ Y (b V) V), (19)

j=1
so that the resulting general linear method reads,

y ™) Ao hf(ylm)
y m+1 — b -9 1 —y[ﬂ— . (20)
Zim+1] B4+v| 0 1 ]

4. G-symplecticity and control of parasitism
Symplectic one step methods preserve the quadratic invariants,
v.y)="Sy,

where S is a symmetric matrix. G-symplectic general linear methods preserve an
extended version of the quadratic invariants given as,

oyl ylmly g = (ytm =1 ylm=11y ;. 1)

with G € R™” a symmetric matrix and

Wz)6= Zr: 8ij{yi,zj)-

i,j=1
This is possible if and only if,
G=vigy,
DU =B"GV,

DA+ATD = BT GB.

with D € R¥** a diagonal matrix [3]. G-symplectic general linear methods suffer
from parasitic instabilities similar to those encountered by standard linear multi-
step methods. The reason is that the perturbation in parasitic components of the
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numerical solution is amplified by the integration process.The parasitic growth
parameter u for a G-symplectic general linear method has been calculated in [§]
and is obtained from the matrix product

10
BU—{O —u}

The second order parasitic growth parameter has been calculated in [5]. Following
[1Q], the parasitic growth parameter can be calculated by the formula,

i = (&) 'wiBUw; (22)

where &; is the i-th eigenvalue of V and w; is the corresponding left eigenvector
withé =land & #1for2<i<r.

5. Projection Technique for General Linear Methods

Projection techniques are applicable to differential equations y = f(y(x)) that
reside on a manifold N given as,

N = {y;y(y) =0},

where y(y) is an invariant of the given differential equation. Standard numerical
methods produce approximate solutions that do not reside onto the manifold N.
Such methods can be combined with projection techniques, which ensure that the
numerical solution stays on the manifold N at all times.

For general linear methods, standard projection technique has been implemented
in [10]. The idea is to project only the first component of the output vector y[’"“}
onto the manifold, namely by,

H(yo) —H(" )
< VHGFE" ) vEE" ) >

y[1m+1] _ )7[1m+1] N

vEGE™ Y, (23)

where yo € N is the initial condition such that y(yg) = 0, "+!! ¢ N is the approx-
imate solution obtained by the general linear method and VH (y) is the gradient of

H(y).



6. Variational Integrators as General Linear Methods

6.1. Trapezoidal Rule
Let us recall the variational integrator based on trapezoidal rule (8] given as,

dm+1 —dm—1 _ a(qurl) - Ot(qul)

A\ \Y% .
Let us define,
dm+1 —qdm—1
= Tt~ dm-1 25
" 2 25)
and
p=o0(q). (26)
Then equation can be rewritten as,
Pm+1 = Pm—1 _ Vo (gm) - vm — VH(qm). 27)

2h

The equations (23) and are in fact an application of the central difference
scheme to the differential equations given as,

qg=v, (28)
p=Val(q)-v—VH(q), (29)

subject to (26). From 23) and 27), we have

Gm+1 = Gm—1+ 2hvp, (30)
Pint1 = Pm—1+2h[Va(qm) - v — VH(qm)], 31
or in short,
Y1 = Ym—1 + 21 f Ym>Zm), (32)
where
y=(a:p)", f=mVal(g)-v-VH(qg))". (33)

It is interesting to note that the function f in (33) actually represents the right
hand side of a Hamiltonian differential equation system corresponding to the given



Lagrangian. Evidently equation is a multistep method, which can be written
as a general linear method (14)),

0/01 20
0j01 20
{%3}: 0/1 00O (34)
1{0 0 0 O
0j0 010

The method is G-symplectic with

01
0
0

S O N

D=2

el elNeNel

1
2
0 00

The parasitic growth parameter of is computed by using as [y = —1.667,
so that the parasitic mode is unstable.

6.2. Mid-Point Rule
Let us recall the variational integrator based on mid-point rule (9)) given as,

1 G+ Gy G+t ~ G 1 (dm=1 iy G =Gt

-V -V
VT n 2 T h
1 am+qms m—1+qmy; 1 gm + gmt1 gm—1+qm
—lt(——) —oa(—— —|\VH(——— )+ VH(——)|.
Ha( Pty g (nsl By g (Il gyt Ly,
(35)
Upon defining,
vm+% - h ’ qm—ﬁ—% —Pm+% - 2 )
equation (33)) can be written as,
h
D} = Dy + 5 V) Vgt ) (36)
h
h
—5[VH(q,, 1) +VH(q, 1)), 37



and

Gm+1 = qm—1 +h[Vm7% +Vm+%]7 (33)
Pmtt = Pm—1 +h[VO(q, 1)V, 1 +Va(g, 1)V, 1]
—h[VH(q,,_1) +VH(q,, . 1)], (39)
or in short,
 Ym-1+tYm | h
Yy = 5 0 ) + fO 1)), (40)
Yt = Ym—1 TR (V1) + O 1)) (41)

The equation (41) is the two step Runge—Kutta method with just one internal stage
#Q), which can be written in general linear method form 20) as,

1/2] 0 1/2
{ABP}: 1 [-1 1 |. (42)
2 10 1

The method is G-symplectic with

G:[‘IZ ” D =16

The matrix V has two eigenvalues, -1 and 1 and the corresponding parasitic growth
parameters are 4 = 0 and pu = 1, so that the parasitic modes are stable. It is
important to note that p,, # o(gn), which is the root cause for the instability
occurring in the algorithm.

7. Starting Algorithm
To find the value of ¢_1, we use the position momentum form [15, [16]
Pm = _DlLd(Qma Qm-i-l), (43)
Pm+1 = D2La(Gm;qm+1)- (44)
To obtain a relation between g_1, gg and pg, use the equation as,
po=D2L4(q-1,90),
but po = a(qo),
= a(qo) = D2Li(q-1,40)-
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8. Numerical Experiments

8.1. Lotka-Volterra Model

The Lotka—Volterra Model is often used in mathematical biology for modelling
population growths of animal species. The dynamics of the growth of two species
can be modelled by the following Lagrangian system,

log q»

L(q,q) = ( p +q2)41 +q192 —H(q),

with the Hamiltonian H given by,

H(q) = log q1 —q1+2log g2 — q>.
Here,
°L

0¢idgl
An application of variational integrators using trapezoidal rule written as GLM
(34) with initial condition g9 = (1,1) and step-size & = 0.01 yields the relative
energy error in the Lotka—Volterra model as shown in Figure
Figure 1l shows that the variational integrator does not preserve the energy of
the Lotka—Volterra model. We have calculated the relative energy error as follows,

Error = abs(H, — H,,) /H,,

where H, is the exact energy at initial point and H,, is the approximate energy
calculated at all numerical values. We then apply the projection technique (23) on
GLM (34) and calculate the relative energy error again as shown in Figure
Figure[2| shows that the variational integrator for degenerate Lagrangian of Lotka—
Volterra model as GLM with projection technique is preserving the energy
very well.

An application of variational integrator using mid-point rule written as GLM (@2)
with initial condition g9 = (1,1) and step-size & = 0.01 yields the relative energy
error in the Lotka—Volterra model as shown in Figure 3l

Figure 3] shows that the variational integrator does not preserve the energy.
We then apply the projection technique (23) on GLM (42)) and calculate the rela-
tive energy error again as shown in Figure 4l

Figure 4 shows that the variational integrator for degenerate Lagrangian of Lotka—
Volterra model as GLM with projection technique is preserving the energy
very well.
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Figure 1 — The relative error in energy of the Lotka—Volterra model using GLM of variational
integrator by trapezoidal rule without projection.
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Figure 2 — The relative energy error in Lotka—Volterra model using GLM of variational integrator
by trapezoidal rule with projection.
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Figure 3 — The relative energy error in Lotka—Volterra model using GLM of variational integrator
by mid-point rule without projection.
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Figure 4 — The relative energy error in Lotka—Volterra model using GLM of variational integrator
by mid-point rule with projection.
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8.2. Pendulum

In order to shed light on variational integrator for degenerate Lagrangian system
) expressed as a general linear method we consider non-linear pendulum whose
Lagrangian is degenerate,

(g%)?

> (45)

5[]

L(q,q) = [q[Z] 0] Bm} + cos(qm) -
An application of variational integrator using mid-point rule written as GLM
with initial condition g = (2.3,0) and step-size 1 = 0.01 yields the relative energy
error in the non-linear pendulum as shown in Figure [3l
Figure 5] shows that the variational integrator does not preserve the energy.
We then apply the projection technique on GLM and calculate the rela-
tive energy error again as shown in Figure [6l
Figure [6] shows that the variational integrator for degenerate Lagrangian of non-
linear pendulum as GLM (42)) with projection technique is preserving the energy
very well.

9. Conclusions

We have written variational integrators for a class of degenerate Lagrangian sys-
tem as general linear methods and have applied stabilisation mechanism for G-
symplectic general linear methods to control the effect of parasitism.

We have demonstrated with some numerical examples, that these algorithms have
excellent energy preserving properties for long time.
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